For the investigation of the S-wave boson-triboson phase shift, the Faddeev-Osborn equation is solved numerically by assuming a rank-one separable potential of the Yamaguchi type for the two-particle interaction. The calculation is performed in the exact approach based on rigorous Faddeev theory of the scattering problem. As a first step of the investigation, to gain insight into the origin of a four-body resonance, the contribution from the 3+1-subamplitude is limited to the s-wave only. The calculated phase shift behaves generally like a standard two-body one for a potential that causes one loosely bound state; this phase shift has further characteristic behavior resulting from fine structure consisting of a valley and a peak. The result of the partial cross section indicates the presence of two resonant states in the four-boson system with the Yamaguchi potential. §1. Introduction
§1. Introduction
More than twenty years have passed since Narodetsky 1) calculated the binding energies of a four-nucleon system for a rank-one separable potential of the Yamaguchi type by applying a systematic method based on using integral equations of the Faddeev type. He determined two 0 + bound states of the four-nucleon system; one of them was assigned to the ground state and the other to the first excited state of 4 He. Although the 0 + excited state is expected to show up in the continuum as a resonance from the experimental point of view, his results for the 0 + excited state both for the spinless case and for spin dependent forces are found to be a state bound just under the 3+1-threshold, because of the strong effect of the attractive force of the Yamaguchi potential. He concluded from his results as follows: the excited 0 + state for these two cases lies very close to the 3+1-threshold, despite the fact that the ground states for both cases based on corresponding thresholds differ by approximately 30 MeV. He further remarked that, although the physical meaning of this phenomenon is far from clear, it may be caused by the threshold anomaly.
After that time, for the practical application of Faddeev's scattering theory 2) established in the mathematical framework, various treatments have gradually been devised, such as the contour rotation method, 3) the Schmidt expansion theorem 4) and the pole term decomposition. 5) These treatments enable us to perform the numerical analysis for the four-body scattering problem.
From the calculation of the eigenvalues of the homogeneous four-body integral equations, we found 6) that the bound states of the four-nucleon system with the Tabakin potential are limited to one, namely the ground state of the 4 He nucleus. As the Tabakin potential includes the repulsive force in addition to an attractive one of the Yamaguchi type, it gives rise to underbinding of energy levels of 4 He in comparison with the case of a Yamaguchi potential. Thus the first excited state of 4 He with the Tabakin potential was expected to appear as a resonance in the continuum from both theoretical and experimental points of view.
The result 7) calculated by assuming a rank-two separable potential of the Tabakin type for a two-particle interaction showed that there exist two types of resonances in the L = 0 phase shift for boson-triboson elastic scattering. The phase shift exhibits not only standard behavior like a Breit-Wigner (BW) resonance but also characteristic behavior shaped like a cusp near the origin. Contrary to the expectation, the cusp form in the phase shift creates a conspicuous peak of the partial cross section as a sharp resonance in the continuum, in contrast to the broad and obscure peak of the standard resonance of the BW type. Therefore, a sharp resonance was assigned to the first 0 + excited state of the four-boson system. A standard resonance of the BW type was assigned to the second 0 + excited state of the four-boson system, if the second 0 + excited state exists.
In the two-body scattering problem, it is known 8) as a theoretical conclusion that the phase shift behavior for both cases of s-wave and of higher partial wave components can be classified into two types. As for the s-wave phase shift, the first type is such that, if a potential causes a loosely bound state, the s-wave phase shift decreases rapidly, starting from π at the origin, as the incident energy E increases. The second type is such that, for a potential not quite strong enough to bind, the s-wave phase shift at zero energy has the value zero.
Similarly to the s-wave case, in the case of the higher angular momentum l > 0, the first type is such that, for a loosely bound state, the phase shift decreases with a rather more gentle slope than in the l = 0 case, starting from π with an angle almost horizontal at the origin. The second type is that, for an 'almost' bound state, the l > 0 phase shift at zero energy has the value zero. But for some specific l-value, the corresponding phase shift goes through π/2, peaks below π, and then rapidly decreases through π/2 to zero. At the energy at which the phase shift attains its peak, the cross section is maximal. This phase shift behavior is called "BW resonance".
Considering this behavior of the two-body phase shift, one may summarize the result of the calculation for the Tabakin potential as follows: the L = 0 phase shift of boson-triboson elastic scattering behaves, for the most part, like a standard resonance of the BW type and has cusp-form behavior as fine structure. Here, we should note that in the four-boson system, the existence of a resonance which is not of the BW type is also suggested.
As for the case of Yamaguchi potential, since the first excited state of the fourboson system appears as a bound state just below the 3+1-threshold, the L = 0 phase shift of the boson-triboson elastic scattering can be expected to behave, generally, like a two-particle phase shift for a loosely bound state, in contrast to the behavior of a standard BW resonance. Moreover, because the effect of the attractive force of the Yamaguchi potential is strong enough to produce two bound states, one may hope for the appearance of some resonance states also. At this time, to determine what type of resonance will occur under these circumstances is a serious problem. Namely, we can consider the possibility that some characteristic behavior will appear also in the boson-triboson phase shift with the Yamaguchi potential as fine structure.
Thus, in spite of the simplest case, to perform the calculation for the four-boson system with rank-one separable potential of the Yamaguchi type has become very important again in order to seek a mathematical model for a four-body resonance. For exploration of the root which generates four-body resonances, I prefer to treat first a model calculation in a system of four spinless particles which contains the essence of the four-body problem, rather than the realistic problem with spin dependent forces. Also, the contribution of the higher partial wave components l ≥ 1 from the 3+1-subamplitudes is neglected.
In §2, the Faddeev-Osborn equation is presented by introducing the Schmidt expansion theorem for the separable expressions of 3+1-and 2+2-subamplitudes. Section 3 contains the results and discussion. §2. Four-body Faddeev-Osborn equation
In the first half of this section, we obtain the separable expression of the 3+1-and 2+2-subamplitudes for the rank-one separable potential of the Yamaguchi type. In the second half, the obtained expression is applied to the derivation of the FaddeevOsborn equation.
A. Two-body T-matrix
If the interaction is assumed to be a Yamaguchi-type central force for the triplet s-wave part, the corresponding two-body T -matrix can be represented as
where the values of the parameter are the same as those of Ref. 1),
Note that the pole term decomposition is unnecessary for this two-body T -matrix, because we assume a rank-one potential.
B. 3+1 and 2+2-subamplitudes
The l-th partial wave three-boson amplitude satisfies the symmetrized Faddeev equation,
where the form of the functions K l (p , p ; z) is given in Ref. 4) . We now briefly describe the Schmidt expansion theorem to obtain a solution of Eq. (2). If we define the self-adjoint kernel from the non-self-adjoint kernel K l (p , p; z)
and corresponding complex-valued eigenfunctions φ l n (p; z). To obtain a separable expression of the original non-self-adjoint kernel K l (p , p; z), we must further define new functions as follows:
Then we can get the Schmidt expansion for the amplitude u l in the following Fredholm form:
Here, the explicit functional forms of D (n) (p , p; z; 1) and of the Fredholm determinant D (n) (z; 1) are displayed in Ref. 4) .
By applying the pole term decomposition, one can express Fredholm's form (3) as a sum of two ratios, only one of which contains Fredholm's determinant in its denominator. The desired 3+1-subamplitude has the form
A similar expression is obtained for the 2+2-subamplitude:
C.
Faddeev-Osborn equation
Let N , T and D be a nucleon, a trinucleon, and a deuteron. Narodetsky 9) derived a variant of the Yakubovsky equations satisfied by the amplitudes A(p , q ; p, q; z) and B(p , q ; p, q; z) that describes the reactions NT → NT and NT → DD: Here, the momentum variables Q, R and S are written as 10)
Each partial wave decomposition of the functions A and B has the form
As we neglect the contribution of three-body states with orbital angular momentum l ≥ 1, for L = 0, we have l = l = λ = λ = 0, and the functions A(p , q ; p, q; z) and B(p , q ; p, q; z) do not depend on the angular variables. The amplitude v in Eq. (6) contains only the s-wave. Contrastingly, the amplitude w in Eq. (6) contains all partial waves, and we take only the partial wave with l = 0, which will be denoted below as w.
In order to obtain the one-dimensional equations corresponding to Eq. (6), we now substitute the separable expressions (4) and (5) for w and v into Eq. (6). Then we can get separable expressions for solutions of Eq. (6) in the form
Inserting these expressions into Eq. (6) again, we may obtain Faddeev and Osborn's set of equations for the unknown functions A n n and B n n :
A n n (q , q; z) = −1 4π
Here
Method of solution
In this section, we discuss the details of the present calculations. The physical amplitudes for the elastic scattering and the rearrangement collision are onenergy-shell with the outgoing channel (n = n = 1 in Eq. (9)), A 11 (q 0 , q 0 ; z) and B 11 (q 0 , q 0 ; z), respectively, where q 0 = 3m/2(z + |e 0 |). Following the treatments that are suggested in Koike's paper 11) for the three-body calculation of d-α elastic scattering, we construct the Born series B (0) , B (1) , · · ·, B (N ) , · · · from Eq. (9). If we put n = n = 1 in Eq. (9) for elastic scattering and replace χ 1 (Q 1 ; s ) and w 1 (Q 2 ; s) in the integrand of the inhomogeneous term of Eq. (9), X 11 (q , q, x; z), with the three-body bound state wave function ψ(Q 1 ) and ψ(Q 2 ), then the zeroth order Born term in the elastic amplitude can be obtained as
where q and q of Q 1 and Q 2 are replaced with q 0 , and we have abbreviated the four-body energy z and the constant (−1/4π) 2 . In order to get the first order Born term, in the first equation of Eq. (9), substituting X and Z for A and B, respectively, we consider the following expression:
As in the case of the zeroth order, we can get the first order Born term B (1) once all the χ 1 and w 1 contained in the functions X 1n , X n 1 , Y 1n and Z n 1 of the integrands on the right-hand side of this equation are replaced with the three-body bound state wave functions ψ(Q 1 ) and ψ(Q 2 ), and further all of the q and q in the variables Q 1 and Q 2 of the function ψ are replaced with q 0 . In a similar manner, we can obtain the higher on-shell Born terms also. From this Born series, we can construct the [M/M ] Padé approximant to the on-shell four-boson amplitude which describes elastic scattering. In the present calculation, the [12/12]-Padé approximant is used. For the integration with respect to the azimuthal angle variable x in Eq. (9), Spline's interpolation is indispensable, since the integrands in these numerical solutions, χ n , w n and ψ, have functional values which are given only at discrete points.
In the present calculation, the label n in the Schmidt expansion (2) for u l is restricted to the range 1, 2, 3, 4. Not only for the case of the 3+1-subsystem but also for the case of 2+2-subsystem, the same range of the label n is used. These values of the labels n give the numbers n A , n B and n C of the unknown functions in Eq. (9), whose values are determined by the pole term decomposition.
Up to four separable terms are taken into account in the Schmidt expansion, as discussed in Ref. 4 ), because we get a value within 0.1% of the converged result for Weinberg's eigenvalue of the binding energy for the ground state and even for the first excited state. From a formal point of view, the good convergence of the Schmidt expansion is due to the fact that the first eigenvalues of each subsystem are larger in their absolute magnitudes than the others. We can assume that there still remains a tendency for good convergence even in the continuous spectrum region of the total energies beyond the 3+1-threshold, because the first excited state lies very close to the 3+1-threshold. §4.
Results and discussion
From the numerical analysis of Eq. (9), the L = 0 amplitude for the bosontriboson elastic scattering is obtained in the incident boson laboratory energy region up to 25 MeV; this includes the s-wave component only for the 3+1-subamplitude. The results for the phase shift obtained from the amplitudes are plotted with dots in Fig. 1 . From Fig. 1 we can see that the L = 0 phase shift behaves, on the whole, like a two-particle phase shift for a loosely bound state. As suggested in the Introduction, this result is in agreement with Narodetsky's result that the first excited state of the four-boson system appears as a bound state that lies close to the 3+1-threshold. In practice, the L = 0 phase shift starts from 2π at zero energy, in conformity with Levinson's theorem, since there exist two bound states in the four-boson state calculated with Yamaguchi potential. In Fig. 1 , the phase shift also exhibits characteristic behavior shaped like a valley with a peak near the origin. To investigate these characteristics, a partial cross section is presented in Fig. 2 , where the calculated values are plotted with dots. What is evident from Fig. 2 is that there exist two peaks in the curve of the partial cross section. Comparing Fig. 2 with Fig. 1 , we can see that the position of the smaller peak on the left-hand side of the conspicuous peak in the partial cross section coincides with the position of the tip of the peak in the phase shift at 0.485 MeV. On the other hand, the position of the conspicuous peak in the partial cross section corresponds to that of the deepest point of the valley in the phase shift at 0.506 MeV. We would like to assign these two peaks of the partial cross section at 0.485 MeV and 0.506 MeV to two 0 + excited states of the four-boson system with the Yamaguchi potential -if the 0 + excited states exist; these two peaks give two sharp resonances in the continuum, and the resonance energies are 0.364 MeV and 0.380 MeV in the center of mass above the 3+1-threshold.
Although the four-boson system with the Yamaguchi potential is the most simple model for the four-body problem, it can be considered as a mathematical model that contains the essence of the four-body problem. The obtained result that there exist two resonance states in this simple system is reasonable if we consider the result obtained before 7) that the four-boson system with the Tabakin potential has two resonant states, despite the fact that the Tabakin potential includes the additional repulsive force in the two-particle interaction.
From the magnified detail drawing in Fig. 1 , we can see that the tip of the peak of the phase shift that gives rise to one of the two peaks of the partial cross section increases towards 3π/2, while the deepest point of the valley of this phase shift decreases towards π/2, though their growth is not large enough to reach there. Here we note that the valley of the phase shift that gives rise to the conspicuous peak of the partial cross section is a new variant of the characteristic behavior of the phase shift, because it becomes deeper. The characteristic behavior that has so far appeared as a cusp-shaped form grows upward, as shown in the result of the calculation with the Tabakin potential or in another result with Yamaguchi potential. All of these characteristics of the phase shift that give rise to the sharp resonances in the cross section appear near the origin as fine structure. We arbitrarily assume that the principal part of the effect peculiar to the four-body system appears as fine structure through these characteristics. In regard to the mechanism of these sharp resonances, deeper analytical study of the four-body equations in the framework of a more rigorous theory is required.
The result of this study has proved that a four-body resonance can be obtained fundamentally through a numerical analysis even of the most simple model of the four-body system without such complications as spin and isospin variables or higher partial wave components, as long as we conform to rigorous scattering theory. However, there still remain a large number of more realistic problems as important subjects. Among these are spin-isospin analysis, inclusion of higher partial wave components for the 3+1-subamplitude and treatment of noncentral forces and nonlocal forces for the two-particle interaction. They will be treated elsewhere.
Studying Fig. 2 , we may further notice that a third peak of the partial cross section is located at the position closest to the origin. As this peak is too obscure to be recognized as a new resonant state, we do not assign it to an energy level of the four-boson system. Nevertheless, it is still interesting to explore the possibility that even such an obscure peak will grow enough to produce a new resonance, by introducing spin-isospin analysis or by including higher partial wave components for the 3+1-subamplitude.
The existence of a resonance in the four-boson system with the Yamaguchi potential is also expected from the calculation of the eigenvalues of the kernel of Eq. (9) . Although the trajectories of the third and higher eigenvalues are not presented in Fig. 1 of Ref. 5), due to some inaccuracy in the numerical results, the trajectory of the third eigenvalue might be anticipated to have a resonance in the continuum, as the magnitude of the absolute value of the complex-valued third eigenvalue approaches 1.
Finally, we can summarize by considering a feature common to results calculated with both the Tabakin and the Yamaguchi potentials, that each four-boson phase shift behaves generally like a standard two-body phase shift, and further has some characteristic behavior near the origin as fine structure, which gives rise to some sharp resonances in the partial cross section.
